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We present an overview of the simulation methods available to calculate the phenomenological coefficients
which appear in the Frank free energy of nematic liquid crystals: the elastic constants, helicity parameter, and
flexoelectric coefficients. We concentrate on approaches which are based on measuring and correlating
molecular orientational stresses, as these have not received much attention previously, and their statistical
mechanical basis seems not to be widely understood. We relate methods which rely on applying external fields
or distortions to methods which rely on static equilibrium correlations, highlighting some of the unresolved

problems, and presenting some new results and perspectives.

I Introduction

The purpose of this article is to review some of the statistical
mechanical expressions for calculating properties of nematic
liquid crystals, from a knowledge of molecular properties, in
computer simulations. We shall focus on the terms which
appear in the Oseen—Frank free energy:'™ the flexoelectric
coefficients, and the helicity parameter, which accompany
linear terms in the director gradients; and the Frank elastic
constants which appear with squared gradient terms. These
properties, along with surface anchoring coefficients (which we
shall not discuss here) are amongst the most fundamental in
liquid crystal device design: there is a clear need to relate them
to molecular shape, and the details of molecular interactions,
and simulation provides a natural tool for this purpose. As part
of this review, we present new methods for estimating
flexoelectric coefficients and elastic constants, which may be
worth testing in simulations, and a recently-tested method for
calculating the helicity parameter, and hence the helical pitch.

A key element in this process is the identification of
microscopic variables which correspond to macroscopic
(orientational) stresses and strains, a situation which has
been explored quite thoroughly in the analogous situation of
computing solid-state elastic moduli. A one-dimensional
example illustrates, schematically, the main points. Thermo-
dynamic fluctuation theory*> may allow one to write the free
energy of a condensed-phase system in the form of an
expansion in the gradient ¢’ =0dp/0x of some order parameter
@(x) which is assumed to vary smoothly in space

Flo =70+ | dxyKpo?

NN (1)
=Fo+ ;gszk | (k)|

@(k) denotes the Fourier transform of ¢(r) (see Appendix A).
This expansion should hold at long wavelength or small
wavenumber k, and a large-k cutoff is implicit in defining the
scale of coarse-graining: the precise choice of cutoff should not

TBasis of a presentation given at Materials Discussion No. 4, 11-14
September 2001, Grasmere, UK.

2678 J. Mater. Chem., 2001, 11, 2678-2689

be significant. Often one includes a term % Cgp(x)? in the above
equation, which would lead to the definition of a correlation
length ¢=/(K/C); omitting this implies that correlations are
long-ranged (typically decaying algebraically rather than
exponentially).

Suitable stress, o(x), and strain, ¢'(x), variables are defined
through a fundamental thermodynamic relation such as

dU=1dS+ J dxo(x)dg'(x)

L @

=TdS+; > 6(—k)ikdp(k),
k

with an associated thermodynamic derivative, namely an
elastic modulus K, which is assumed to depend at worst only
weakly on k:

K= 8;/ < o(x)=K¢'(x) < a(k)=1kKp(k). 3)

Then it may be shown that the Helmholtz free energy
F=U-TS, obtained from eqn. (2), satisfies
&F
0p(k)op(K') |
This provides the necessary link Fe.7.
One way to proceed is to recognize that the probability

distribution function for fluctuations of ¢ will take a Gaussian
form dictated by

Plp(x))oce P70 B—1/kpT.

=k* KO oy

An advantage of this approach lies in the relative ease of
identifying a microscopic variable corresponding to ¢. This
leads to several variants of the ‘strain fluctuation’ method. In
the context of crystal elastic constants, one may study strains
defined through Fourier components of atomic displacements®
giving a relation of the type

k
G~k ="o

“4)
A similar equation based on molecular orientations, which
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define director fluctuations, may be derived for nematic liquid
crystals.””® In this context, ‘strain’ means a gradient of the
director #: splay, twist or bend. This has been the standard
approach to the determination of Frank elastic constants by
simulation for many years.>™'® It is well tailored to the periodic
boundary conditions commonly used in simulation. On the
other hand, an extrapolation to low-k is necessary (with an
associated increase in the timescales of the most important,
longest-wavelength, fluctuations); it is not possible simply to
take the limit k=0 in eqn. (4). Moreover, for realistic, three-
dimensional, systems, K is replaced by a tensor K, and some
kind of matrix inverse must be taken in eqn.(4), which
complicates the analysis somewhat. A related approach (for
crystals) is to perform a finite system-size analysis on the strain
fluctuations in real space;'* in a conventional periodic system
one also needs to apply a constraint (in the analysis) to reflect
the fact that the simulation box has fixed size and shape.
Finally, one may modify the simulation to allow the system to
change its shape and size, and hence (in principle) measure K
from the overall strain fluctuations;'>!® however, this approach
seems to give poor convergence.'”!® No similar approaches
have been applied to liquid crystals, and we do not discuss them
further here.

A second possible approach is to use the definition eqn. (3)
directly: to carry out a simulation of a strained system, ideally
one in which the strain is uniform, and measure the induced
stress. This requires the derivation of a microscopic expression
for the stress; for atomic crystals, the stress tensor may be
defined in terms of intermolecular forces, while the analogous
quantity for liquid crystals involves intermolecular torques.
This approach is not widespread; to our knowledge, we carried
out the only determination of a liquid crystal twist elastic
constant in this way some years ago.'” The geometry of
periodic boundaries does not permit one to apply uniform
splay or bend deformations, so this approach is limited. If one
wishes to measure all the elastic constants in this way, it is
necessary to perturb the system with some nonzero-k field,
which induces a k-dependent orientational strain compatible
with the boundaries. However, there are many possible
perturbing fields, and the stress response may, in general,
depend on which field is applied; part of this article is devoted
to discussing this point. The situation is simpler if one wishes to
measure terms in the free energy which are linear in the
orientational strains. For chiral molecules, and for molecules
exhibiting flexoelectric behaviour in the presence of a uniform
electric field, the undistorted liquid crystal is already in a state
of nonzero, uniform stress: this provides a practical route to the
helicity parameter’®2® and the flexoelectric coefficients. We
describe this proposed method below.

A third approach combines equations like (3), (4) to give

G(k)5(—k)>=VksTK (5)

that is, one should be able to measure K through stress
fluctuations. A key point of this equation is that the quantity
on the left is expected to be well behaved when one takes the
limit>* k—0, so there is no longer any need to perform an
extrapolation: one may simply study fluctuations of the
extensive quantity o=lim;_,yo(k). This makes it potentially
very attractive from the viewpoint of simulations. However,
this equation is misleading. When the conventional micro-
scopic expression for the stress tensor is adopted, eqn. (5) gives
an infinite frequency elastic modulus, defined as the ratio of the
time derivative of the stress to the rate of strain. For example,
in a simple liquid, the isothermal shear elastic constant is zero,
while the infinite frequency shear elastic modulus is given by an
equation like (5).2* For crystals, the necessary expressions for
isothermal elastic constants are quite well known.'®!82527 For
liquid crystals, corresponding derivations have appeared,? ¢

albeit in rather brief form. Our experience is that there is still
considerable confusion about the statistical mechanical back-
ground to these equations, particularly in the context of
periodic systems used in simulations; because of this, we devote
a large part of the current article to them.

Yet a fourth approach exists. The squared-gradient form of
eqn. (1) may be derived in a density functional formalism: in
fact it arises directly from a low-k expansion of the direct
correlation function ¢(1,2), where 1 and 2 represent the
positions r and orientations 2 of two molecules. Accordingly,
terms like the elastic constants, helicity coefficient, and
flexoelectric coefficients, may be expressed as integrals over
¢(1,2).3""* This has led to some determinations of these
properties by simulation*®® in a two-stage process: (i) invert
the pair correlation function 4(1,2) of a uniform liquid crystal,
using the Ornstein—Zernike equation, to give c¢(1,2); (ii)
compute the various integrals over ¢(1,2) to give properties
of interest. This article will not focus on this approach, but we
just make a few comments. Firstly, the inversion procedure
h(1,2)—c(1,2) involves some of the same difficulties as the
direct analysis of low-k ‘strain’ fluctuations: for example the
asymptotic behaviour {@(k)@(—k)>~k 2 implies long-ranged
correlations of some components of /(1,2)~r ! in three
dimensions, which must be handled carefully. Secondly, care
must be taken to formulate the distortion of the single-particle
density, p(1)=(r,2), which underpins the direct correlation
function expressions, in a sufficiently general way. The simplest
ansatz, used in deriving expressions for the Frank elastic
constants, is to simply rotate the orientational distribution
function so as to follow the director distortion: this, however,
does not allow the kind of dipolar relaxation which gives rise to
the flexoelectric effect, and this same relaxation produces
corrections to the elastic constants which will be nonzero for
unsymmetrical molecules.>®** The third point is that, to our
knowledge, only in one case® has ¢(1,2) been determined
without making significant approximations in the inversion
process, and only in this case has satisfactory agreement with
elastic constants obtained by other methods been demons-
trated. Although this approach is promising, it needs further
testing and study.

The current paper is organized as follows. In section II we set
out the macroscopic equations arising from the Frank free
energy, and emphasize the way in which they suggest
simulation ‘experiments’ to determine the coefficients appear-
ing in them. In section III we set out the microscopic approach
to determining these coefficients, concentrating on expressions
involving ‘orientational stresses’, and making contact with
statistical mechanical perturbation theory. Finally, in section
1V, we summarize and draw some conclusions. Some of the
definitions, derivations, and comparisons with other notation,
are placed in appendices.

II. Macroscopic description
A. Real-space form

Begin with the notation established by Frank,?> Meyer,*® and
Helfrich.*” If we take the unperturbed director n=z, and
consider only small deformations d7,, d7,, then there are six
nonzero gradients® '

Splays: s)=0xfiy 52 = 0,1 (62)
Twists: #) =0yfiy ty=0xfty (6b)
Bends: b; =d.i1, by=0.n, (6¢c)

with 0,=0/0r,. The gradient tensor of #, defined by (Vi).z=
0.7ip, may be expressed
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s1 0
Va=|t 55 0
by by 0
It is sometimes convenient to define splay and bend vectors and

a twist scalar, bearing in mind that all gradients of 7i. are zero to
first order:

s=s812+$2=n(V-h) (7a)
t=(t1—t)=rVAn (7b)
b=b\x+byy=(nViit=—n N (VA h). (7¢)

This last equation follows from
—(anN(VAR),=

= — (Ouydpy —

=g0piy, —NpOyitg

= (V)i1, — %aawz

—EupypEypuy a‘u”v

SO gy

where €,5, is the Levi-Civita tensor. Here and henceforth we
sum over repeated Greek indices; the last term vanishes because
7i is a unit vector. These definitions allow the Frank free energy
density to be written in a manner independent of the choice of
axes

~ [ arro (sa)

1
/=3 [K1|s\2+K212+K3|b|2] +ht. (8b)

K, K, and Kj; are respectively the splay, twist and bend elastic
constants; for chiral phases, the helicity parameter determines
the equilibrium pitch P, and corresponding wavenumber
ko=2n/P, through h= K>k.

The flexoelectric effect arises from the coupling between
polarization and director distortion. In the presence of an
‘electric’ field E(r) which couples to a macroscopic polarization
density 4(r), the free energy density becomes

(1) =/ (1) = 4(r)-E(r).

The polarization densny will take the form 4(r) = 4'(r) + 4°(r)
contalmng a part 4° I(r) proportional to the applied field and a
part 4 d(r) proportional to the director distortion, each with
corresponding phenomenological coefficients. Note that, in
writing this, we simply acknowledge that a non-zero polariza-
tion may be induced by either of these physical mechanisms
operating in isolation; this does not imply that we can write
down a microscopic definition of 4 in which ?EI and /;d appear
separately. Symmetry considerations dictate®!

72 () =e n ANE(r) Nit+tey(E(r)n)i
=¢ E\(r)+¢ E)(r)
A (r)=e1in(V-n(r)) +es (a-V)(r)
—er(V-it(r) —esit A (V A i(r) (9b)
=e5(r) +e3b(r).
The field has been resolved into components
E|(r)=(E(r)-t)t E (r)=ANE(@r)NA=E(r)—

The dielectric tensor is assumed to be diagonal in the director
frame, with components ¢ and &, respectively, along and
perpendicular to the director: these components dictate the
response of the polarization to an applied field, even in the
absence of coupling to nematic degrees of freedom. The
flexoelectric coefficients e, e3, reflect the fact that polarization
can be induced by deforming the director, without applying a

(9a)

(E(r)-m).

2680 J. Mater. Chem., 2001, 11, 2678-2689

field E(r). The free energy density takes the following form?

— ‘ drs(r)-E(r)= ‘ drg(r) (10a)
J0)= 3K SO + Kot + Ko b))
+ ht(r) — e E(r)-s(r)— esE(r)-b(r) (10b)

- % [eL [E L]+ [ Ey@)[).

It is convenient to describe small deformations of the
director d#i in terms of a vector d0=400, which represents a
rotation through angle 66 about an axis 6:

50=i A S 80, =500,

oh=—nNo0=060Nn 0N, = E€,p,00p1,.

The gradient tensor of 8, (V0),3=0,05=7, is related to Vi by
Vo= —(Vr) A i
Va=(VO) A

0,05 = — (Oultp)it,€py5
ﬁoflé = (6g0ﬁ)ﬂyeﬁ},5 .

In terms of the deformations of eqn. (6), defined with respect to

n=zg:

—1 50
—5 10
—by b1 0

Vo=

Thermodynamic (functional) derivatives of eqn. (10) may be
written

i (1)= 50 = Kis(r)— 1 E0) (11a)
Twist(F) = 5t?) Kyt(r)+h (11b)

iend(1)= 555 = Kab() — ) (110)

Hr)=— 52() ers(r)+esb(r)+e EL(r)+¢ E(r). (11d)

The quantities on the left of eqns. (11a)—(11c) are torques per
unit area (see later), and they will vanish in the unstrained
system. In all of these equations it is assumed that the variation
of fields and responses is sufficiently smooth that the
undistorted director orientation may be taken as a reference
direction. If the gradients and fields are constants, s(r)=s,
E(r)=E etc. everywhere, the functional derivatives on the left
of these equations become simple derivatives of the free energy
density, and the dependence on r may be dropped:

11 0

oplay = 7;‘“ 61 =Kis—eiE (12a)
HWIS

Tltwist = lV ! = % =Krt+h (12b)

Myeng 0
TMbend = blj d — 8_2’ =Kib—esE (12¢)

P g

ﬁ:;z— AZ, =eis+esb+e E| +¢E|. (12d)

Note that, in contrast to the notation for the fields and
gradients, we adopt a notation which distinguishes extensive
variables [T= [dr n(r), 2= [dr/(r) and intensive variables 7=
alv, =21V etc.

Consider now the case where the undistorted director is i=7%,
b= ¥, director deformations are parametrized by the angle 60,
such that é7i=00,%, 60=460,p, and we apply either a field E;=
E.(x) £ or E,=E (z)%. Then we need only consider separate
cases of pure splay, pure twist, or pure bend, generated by the
three choices of gradient direction as defined in Table 1. The



free energy per unit area takes the same form in each case:

Y/t = Jdc%m’(cf B0~ 5 eEQ
- Jdcy(@

with the variables defined in Table 2, writing 60,=0 for
compactness. The calculus of variations is straightforwardly
applied to this equation. Firstly, we may identify m with the
torque. Add boundary terms of the form Z(0;) and Z»(6,)
where 0, =0((;), 0,=0({3). Minimize &+ 2| +%,, with respect
to variations of 0({), for specified E({). The term in ¢ is
independent of 6 and therefore does not affect the profile. The
integrand depends on 6'=d0/d{, not on O(() explicitly, so we
may write the Euler—Lagrange equation

d dg d

T " a& (KO'(O)—eE()

_ dn©
- &

At the boundaries we have

(13)

=0=n({)=n=constant.

Oy d%, /o

o= =0|__ a9/o_d%)/s
A% /o _ .
% (=4t dzgz =0 do; do,

From this we see that —m is the torque per unit area exerted by
boundary 1 on the sample, and by the sample on boundary 2.
Note carefully that periodic boundary conditions used in
simulations do not imply that the torque is zero; they may,
however, impose a constraint on the director gradient. The
appropriate component of 7 for each symmetry case is given in
Table 2. The profile will satisfy

G
n({)= 300 =K0'({)—eE({)=constant (14)
and the polarization will satisfy
_ oY)
HO= "5y =V QO +EQ. (15)

These macroscopic equations suggest some ways of measuring
the coefficients of interest, both in real experiments and in
simulations. If E({)=E is uniform, the gradient 6'({) will be
constant; the typical periodic boundary conditions used in a
simulation will make 6’ zero or (in the case of twist) some other
fixed value commensurate with the box length. In these
situations, measurement of 7 will give K and e.

Table 1 Definitions of pure splay, twist and bend deformations for
=% and o in the £ direction

Gradient oi(r) 00(r) Real space Fourier space

Spldy £ yx£ pxp o s(n)= ax(.)yz}‘ = V.\’yf =yZ f(k) = lk\é}(k)i
Twist X pyp o Hr)=0,0,=y,,=y i(k)=ik,0,(k)
Bend 2 vzt yz¥  b(r)=0.0, %=y, X=y% b(k)=ik.0,(k)%

Table 2 Correspondence of variables for pure splay, twist and bend
deformations for /i=% and dii in the £ direction

Direction Elastic Flexoelectric Dielectric Field Torque

(k K e e E n
Splay x, ki K, ey e E. Ty
Twist y, k, K> —h 0 1 Ty
Bend 7z, k. K3 e3 &l E, Ty

B. Fourier-space form

Computer simulations are usually conducted in periodic
boundaries, in which uniform gradients may not be con-
veniently applied. Hence, some of the above relations may be
usefully expressed in Fourier space, with definitions given in
Appendix A. We may then, in suitable circumstances, take the
limit k—0 to recover bulk expressions. Using eqn. (A2d), the
free energy may be written

1 1 - 2 ~ 2 < 2
9= ?;E[K' [S(k)[* + K |1k)|” + K |B(K)| ]
+ hi(k)— e E(— k)-5(k) — es E(— k)-b(k)
1 ~ 2 - 2
—5 e[ EL()| +a [EyR) ]
We choose /i=Z and 6ii=00,% as before. Then, pure splay,
twist and bend deformations are related to Fourier components

of (7), in the Cartesian directions as given in Table 1. Hence the
free energy may be written

1 1 ~ 2

G= ?ZE[Klki—}—ng}z, + K3k2)| 0(k) |

k
+ ik, h0(k) — ik ce) E.(— k)O(k)

. ~ ~ 1 ~ 2

—ikeesEy(— R)0K) — 5 e | B0

2
],
where again we abbreviate 5§y=§. We restrict our interest to
one or another of these pure deformations as before. Then only
one Cartesian component of k is relevant; coefficients 6(k) with

nonzero values of the other components will be zero, and we
may write

+e&y|E-(k)

11,55 N
9= le SKI2[000)|” —ikeE(—k)dik)
; (16)
| . 2
— e[ B0

where, once more, the variables appropriate to each_case are
identified in Table 2. Differentiating with respect to 0 gives

109 ikKO(k)—eE(k) 11(k)
—iko0(—k) v v

amn

This equation exactly corresponds to eqn. (14). Differentiating
the free energy with respect to E gives

09 ikeb(k)+eE(k) _ P(k)
0E(—k) 4 vV

This equation exactly corresponds to eqn. (15).
How do these equations suggest ways of measuring the
desired coefficients in a simulation? In principle, in the absence
of an electric field, or chirality, the elastic constant is
determined from the relation between torque per unit area

and orientational strain, through

K =TI1(k)/ik0(k) (19)

(18)

while the flexoelectric coefficient is similarly determined
through the polarization response

e=2(k)/ik0(k). (20)

However, except for k=0, where the periodic boundary
conditions may constrain the corresponding director field
component, Z should be minimized with respect to arbitrary
variations of O(k). This means that JI(k) as defined by eqn. (17)
will be zero, so eqn. (19) cannot be used to estimate K directly.
Also, if E(k)=0, we deduce that ik0(k)=0, so eqn. (20) cannot
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be used to estimate e directly. We have
~ e ~
ik0(k)= — E(k
ikd(e) = = E(k),

an equation which is only useful if both sides are nonzero. If
this is the case, then the ratio ¢/K may be estimated from ik0(k)/
E(k) (director response to spatially varying applied field), while
eqn. (18) leads to

P(k) =ikeO(k) + ¢E(k) = (e—lz +e)E(k)

(polarization response to applied field) which replaces
eqn. (20). This is not very useful, as the ¢ term is likely to
dominate in cases of practical interest. Notwithstanding this,
the flexoelectric coefficient may be determined by applying an
electric field, or equivalently the chiral parameter may be
determined, by making a torque measurement and allowing
k—0:

.= ~ 1
/1(15% k)= —eE(k):>? —cE.

Note once more that I7=1im;_,,/I(k) (an extensive dynamical
variable), but that E=1lim,_,oE(k)/V where E represents the
constant (‘average’) field.

Something more is necessary to generate a nonzero torque in
the general case. Consider adding an extra term, of chosen
wavenumber x, to the free energy, of the form

Y, =%+ 0(—¥K)

where now 2 is the original free energy, eqn. (16); 1 plays the
role of a Lagrange multiplier, which will be chosen to generate
a desired orientation profile. Minimizing &, with respect to
variations of  gives explicitly

1 0%, ikKO(k)— eE(x) + AV /(—ix)
—iKk 00(— ) v
(%) + AV [(—iK) o
= =0
This gives the responses in the three variables of interest
ﬁ(;c) = AV Jik=%() =ikIl (1K) =V (2la)
E@) A 21b
0(xc) = 21< K == =ikb(k) = - Ztx E(K) (21b)
ey EHV L8
P(K) T +(K +&)E(x) (2lc)

where we have defined a macroscopic variable ¥ to satisfy
#(k)=ix[I(x). Under conditions of zero field, E(x)=0 these
satisfy eqns. (19,20). Note that, for the angle 6 describing the
distorted director profile to be small in the limit of low «, it is
necessary for the parameter 4 to be of @(x®). Another
interesting (and ‘conjugate’) modified free energy is

Gy —Gy=)1(—K) = — AxIl(—«)
= Aik(—ikKO(— k) — e E(—x)).

Minimizing &, with respect to variations of § gives

1 09, H(K) AVikK —0
—ix 99( K) vV
Hence the responses
I1(k) =ik AVK =1(k) =ikl (k)= — AVi’K (22a)
0)= 2V + fﬁ —ikB() =ikAV + %E(K) (22b)
2
P(1) =ik Ve—i—(% +o)E(k) (22¢)
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and these also satisfy eqns. (19,20). Note that, for the angle 0
describing the distorted director profile to be small in the limit
of low «, it is necessary for the perturbation parameter 4 to be
of #(1). In the following section we address the question of
whether these macroscopic results can be translated into
microscopic perturbation-response expressions for the elastic
and flexoelectric coefficients.

III. Microscopic description

It is not difficult to write down microscopic expressions for the
polarization and the director variation. The polarization
density is defined on the basis of a vector 4; fixed in the
frame of each molecule i, whose position vector is r;:

ﬁ(y) = Z ﬁié(l"—l’,‘) e@(k) = Z ﬁiefik'r, .

The choice of g; will affect the values of flexoelectric
coefficients, but not the essential physics; for molecules
possessing a degree of symmetry, a natural choice of 4; may
present itself; for realistic models, 4; will be determined by the
physical interaction of electrostatic multipole moments with
applied electric fields.

The definition of director fluctuations was addressed by
Forster.*®* Assume that, even if our molecules are not
symmetrical, we may identify a unique axis unit vector #; whose
collective alignment defines the director. Then we define a
single-molecule second-rank orientation tensor q;

.1 A 1
q;=ui;— §1 Giop = Uiyllip — §5a/f-

and the collective g-tensor density
q(r)= XN; q;o(r—r) Q)= XN; gie .
In an undistorted liquid crystal
(@ =Sl 3=
(@) ="7<a)
=pS(nn— % 1) everywhere
where p=N/V is the molecular number density and S is the
order parameter. Small spatial director variations are then
expected to appear in g as follows:
q(r)=pS(an+ on(r)in+ndn(r) — % 1)

where di(r)-i=0. We may obtain d7i(r) from gq(r) by

contracting on one side with 7 and on the other with 1—##*%*
on(r)=[1—nn -%-ﬁ=ﬁ-%-[lfﬁﬁ].

In the coordinate system with n=2Z, this equation is
i 0 Ong(r)
an=pS| 0 =1 om0
ony(r)  Omy(r) 3

k-dependent fluctuations of the director may then be
defined*®*

ﬁv(k) = Q\:(k)/ps

i (k)= 0y-(k)/ pS
(k)=0

where we abbreviate 64 =ii for clarity.



The considerations of the previous section suggest that the
microscopic k-dependent torque density

)= (vj+

i#]

i’,] /\fl])e hori (23)

may correspond to the variable 7(k) defined in eqn. (21a). Here,
f; 1s the force, and t; the torque, exerted on molecule i by
molecule j; the separation vector is defined r;=r;—r;. The laws
of conservation of linear momentum and angular momentum
give, respectively,

f!-,-+fj,-=0 and T(/+Tji+rij' /\fi]-=0

Applying this last equation to eqn.(23) and exploiting
symmetry under relabelling of indices i<, it follows that
limy_,o#(k) = 0. Therefore this quantity has a low-k expansion®”

(k)= - Z (T + = rl] /\fy)(e_lk ¥ —e_ik"'/)

l#/
2Z(Tv+ 1y Af (1 —e ™ e ik
! (24)
1krU 1 ke
ny(fy + = rl, /\fy)( ) ]

t#/

=ik-T1(K).

—ik[—

This suggests that the microscopic (tensor) analogue of the
variable //(k) appearing in the previous section is

1k rij _1 it
(k)= — —Zr,](r,j r,] /\f,j)( Ye ki,
i#j
In the limit A—0 this reduces to
= llm ”(k)— — _ZVUTU (25)

i#]

where we use the identity

Zri/a(ri/' Nfidpg= Z Fiia(rji Nf jidp=— Zri/a(ri/ Nfip=0.

i#] i#] i#
The tensor defined by eqn. (25) is the same as the one used
elsewhere;?* 223 its derivation, both in Fourier space and
directly in the k=0 limit has been given before,'” and it is
further discussed in Appendix B. Some justification for our
definition of #(k) comes from the microscopic interpretation of
IT as the transmitted torque per unit area. The argument
follows the discussion of the virial expression for the pressure
by Haile,’! but it applies to any molecular pair property.
Consider a plane in the liquid crystal, passing through the
origin, perpendicular to the x direction. Suppose also that the
molecular indices i, j, are chosen in order of increasing x
coordinate. The total torque per unit area exerted by molecules
lying on one side of the plane on molecules lying on the other
side may be written

Torque/area= Z 0 Z M,

where the notation indicates that each sum is restricted to
molecules lying on the appropriate side of the plane. (For the
case of interest to us, we may drop terms in r;/\f;;, as they would
correspond to a sustained antisymmetric component of the
stress). Averaging this over a slab of liquid of width / gives

Average torque/area = ——J Z <x Z >‘-L',,dx

Now the integral is evaluated using the sequence of (uneven,
but very small) intervals dx; =Xy 1—Xr =X 414 The integral

becomes a sum over all particles k lying in the interval 0 < x; </
and the resulting triple summation may be rearranged:

Average torque/area = Z Z Z 70X

i<k j>k

VZZTUZ(xk+1 —Xx)

i j>i k=i

=—7 § E TijXij

i j>i

E E TiiXj).

i j#

This corresponds to the appropriate component of I7, as
defined by eqn. (25). Consideration of a narrow slab, /—0,
allows one to generalize to a spatially varying density I1(r)
which behaves in the correct way, and whose Fourier transform
is F1(k).

Notwithstanding the fact that ¥ vanishes at low k, the
correlation with director fluctuations remains non-zero in this
limit. Take once more 7i=Z and examine fluctuations 67, =0,.
Masters>® has shown that

Cie(k)e,(— k)Y = 0,(k)T,(— k)

_ <sz(k)%y(_k)> (26)
= —pS
=—VkgT ask—0

This result reflects the ‘softness’ of the liquid crystal response to
a long-wavelength perturbation. If a term AH’ with H'=£,(—k)
is added to the hamiltonian, the response in the director field,
given by conventional linear response theory (eqn. (B4)) would
be

G 0)fsy = — pa<in k)i, (—k)y =2V
= (S|, ="

with appropriate superpositions giving real (sine or cosine)
responses to real perturbations. Comparing this with eqn. (22b)
supports the above identification of .

(27a)
(27b)

A. Twist deformations

In this and the following sections, we assume that the gradient
is chosen along one of the coordinate axes, to generate a pure
splay, twist, or bend deformation, with the definitions of
Tables 1 and 2. We consider a twist first, in the absence of any
fields, so the free energy & reduces to the standard Frank free

energy 7. For a uniform twist of this kind, taking eqn. (8) and
integrating over the volume V, we get
1
Free energy: 7 /V = Eszz —hy. (28)
i, o7V
Torque/area: Sydy _ ,/ =Kyy—h. (29)
V 0y

The reference state of minimum free energy has y=/h/K5;
nematics are called chiral if ##0 and twisted if y#h/K,.
Uniform twists with y#A/K, are due, typically, to boundary
conditions produced by the interaction with surfaces. In
computer simulations a uniform twist can be conveniently
introduced in a bulk cell of fluid using normal, or twisted,
periodic boundary conditions.' If a fluid of achiral molecules,
for which 7=0 (and hence <II,,>o=0 when y=0),

maintained in a state of uniform twist, y#0, then eqn. (29)
may be used to determine K,."° For a fluid of chiral molecules,
for which 2 #0 (and so <II,>#0 when in the untwisted state
y=0), if the untwisted state is maintained by the boundary
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conditions, then eqn. (29) may be used to determine the chiral
parameter /.22 It has been found useful®® to combine the
equations with y=0 and with y#0 to give

Ky 2o _

v —h (30a)
11,,>.,
Ty, ”>'=K2y—h (30b)
V
and hence
11,,>, —<I1,,
K2=< )}>, < }J>0 (313.)
Vy
_ <Hyy>0
h= — (31b)

Thus, two simulations with different values of y are sufficient to
determine K, and kq separately. The same formulae hold
equally well for pure phases, where every molecule is chiral, and
solutions, where chiral and achiral molecules are mixed. It
would be nice to determine K, from ensemble averages
calculated in the untwisted state. Referring to Appendix B, it
should be possible to rewrite eqn. (31a) in the form

oI, >,
K2:l7< ”’>‘)
V. oy =0
_ Ep ) — BTG, — Ty )?)

7 . (32)
This appears to be a new expression, untested in simulations. It
is potentially more convenient than measuring fluctuations and
extrapolating to low wavenumber, or applying a twist
deformation and measuring the derivative numerically. Unfor-
tunately (see Appendix B) the derivation of a microscopic
expression for =, seems to be nontrivial; although a
suggestion has been given in the literature® that it is possible,
no explicit expressions have been given.

One might hope that the Fourier space variables defined
earlier in this section would resolve the issue. Suppose we apply
a perturbation term of the form AH’ with H' =7 (—k), choosing
k=Fky to generate twist. Then, referring to eqn. (27a), we expect
to see the following responses:

{n(R)|fiy =2V (33a)
<G> =— ﬁﬂ~<%y(1f)%y( —~k)> (33b)
= —k?BAIL, ()T, (—k)>
(k)| > = — BAKL (k)T (= K))
(33¢)

=1k ALy (k)T (— k) ).
Taking ratios, and allowing k—0, would suggest

| Ty(R)|f3>

<H Yy i Yy >
$n(f> ’

Vv

Ky = lim (ik) =B

Unfortunately, this is incorrect: it would imply a non-zero
elastic constant even in an isotropic liquid. Thus, after all, a
‘thought experiment’ based on the microscopic torque density
does not appear to be a suitable way to generate the desired
deformation. Another way of putting this** is that #(k) is not a
suitable variable onto which to ‘project’ microscopic variables
in order to derive thermodynamic fluctuations.

B. Splay deformations

Consider now a splay deformation, once more in the absence of
fields, so the free energy & again becomes.#. For a uniform

2684 J. Mater. Chem., 2001, 11, 2678-2689

splay, integrating eqn. (8) over volume gives

1
Freeenergy: % /V = EKWZ (34)
Ulyy, oF|V
T a: I = = K V. 35
orque/area 7 3y 17 (35)

The flexoelectric coefficient associated with splay, ey, is defined
as the response of the z-component of the polarization vector of
molecules to the applied director deformation (see section I1A).
Noting that there is no applied field coupling directly to £, the
coefficient satisfies
(2.,

7 (36)
The above expressions involve measuring the torque density or
polarization in a uniformly splayed system: this is not as
convenient as imposing constant twist. However, it is also
possible to convert them into equations which apply to the
undistorted system.>* Referring to Appendix B, and making
the approximation that .. does not depend explicitly on 7,
gives

ery=

K.y,
oy

_ 7ﬂ<—5}:17¥1>

e = y-1
y=0 4

(37

This matches exactly the expression of Nemtsov and Osipov>°
(see Appendix C); this approach has been attempted in
simulation by Billeter and Pelcovits.’> The corresponding
expression for the torque should be directly analogous to
eqn. (32):

_ l 6’<ny>~,: _ <Exyxy> - ﬁ(<H%},> - <ny>2)

K
TV e |, v

(38)

but again, its implementation relies on a suitable microscopic
definition of =y,

The flexoelectric coefficient may also be determined by
measuring the torque per unit area in an undistorted system
(i.e. splay s=0), in the presence of a uniform polarizing field E.
Add a coupling term AH' to the hamiltonian with A=E_,
H =-2., and consider measuring a variable A=1II./V.
Instead of measuring this in a perturbed ensemble fz., we
may relate it to an average taken in the zero-field ensemble,
using eqn. (B4). The free energy (see section I1A) takes the form

1 1
Freeenergy: 4/V = §K1y2—elE_-y— 58 ‘E_f

and in the limit y—0

1|f5
Torque/area: —e| E, = 6(?(/1/'}!_0: < “}/VE)
to give once more (see Appendix B)
el =— y-! M - _ﬁw
OE. E.—0 Vv

in agreement with eqn. (37). Notice that the measurement of
the polarization itself in the presence of the external field is not
a useful route to the flexoelectric coefficient: & cannot be
separated microscopically into a part due to distortion and a
part due to the field, unless one or the other of them is zero. In
this case, the polarization response is (see section ITA)

P:fe.>
V

=eiy+eE.=¢E. ify=0.

_ 1 K2 _ 7D
b‘fV aEZ E::Ofﬂ V .

Once more, one might hope that a Fourier-space perturbation
would be suitable for simulation experiments; add a term AH’



with H'=7(—k) and select k=k% to generate splay:

(K> =24V (39a)
G0N = — Bic, (k) (—k))
. . (39b)
= 7k2ﬁ;“<nxy(k)nxy(*k)>
ULy f ;> = = BT (K)E, (— k)
- ~ (39¢)
=1k B Ly (k)T (—k)>
(P05 )= — Bl P:(k)Ty(—k))
(39d)

=ikBILP ()T (—K)).
Taking the limit k—0, gives

o Ly(RNGY T Iy
Ky = lim (ik) hx(yk){ﬁ) =p—
o K2R Py
R N A N2 ;

Again, these are clearly wrong: K; would be nonzero even in an
isotropic liquid, while the expression for e; has the wrong sign.

C. Bend deformations

Consider finally a bend deformation, once more in the absence
of fields, so the free energy is .# once more. The derivation
follows closely that of sections 111 B, III C. Integrating eqn. (8)
gives

1
Freeenergy: 7 /V = §K372 (40)
11>, TV
Torque/area: <—Vf>’ = % =K3y. (41)

The corresponding flexoelectric coefficient, e;, is measured
through the response in the x-component of polarization

{2,
—

Rather than attempt to measure these quantities in a distorted
system, they may be converted to averages in the uniform
system:

ey = (42)

P,
Y

_ KLy @)

es=V"
7=0 4

D

Again, the identical expression was obtained by Nemtsov and
Osipov® (see Appendix C). The corresponding elastic constant
expression should take the form

A I e BT, > —<IT,)%)

K=—
TV e L v

(44)

subject to a proper definition of Z.,.,.

As before, it is illuminating to consider measuring the torque
density in an undistorted system (i.e. bend b=0), in the
presence of a uniform polarizing field. Add a term AH’ to the
hamiltonian with A=E,, H'=—%,, and measure A=1L,/V.
We aim to compare with

1 1
Freeenergy: 4/V = §K3y2 —e3Ey— EsLEf
and in the limit y—0
09|V 11, |f;
Torque/area: —e3E, = ¢ J/ ‘ _ ok
M -0 V
to give, from Appendix B
Rl (T
0Ex g o vV

in agreement with eqn. (43). If the bend is zero, the polarization

response is (section I11A)

Pulfe>
4

=esy+e Ex=¢, E, ify=0.

1 K2Pxlfe> <72>

.
Ex |5 o

=B
The derivation in Fourier space goes through as before. Add a
term AH" with H'=7,(—k) and select k=kZ to generate bend.
This gives

VUL RNy LI,y

K= hm (ik)~ \}(k){/;> =B y zy
o PR (P 17,>
¢ = fim (i) Cne()|f5> =b -

and these are, once more, incorrect.

IV. Conclusions

In this article, we have tried to make clear which expressions
may be used to measure properties of interest in simulations of
liquid crystals, and in which areas problems remain. Zero-
wavevector expressions exist for flexoelectric coefficients, in
terms of a microscopically-defined orientational stress. This
can be thought of as measuring the response of the polarization
to a uniform director gradient, or as measuring the field-
induced stress, in a liquid crystal which is constrained to have a
uniform director. A similar expression exists for the helicity
parameter, which may be determined from the orientational
stress in an untwisted liquid crystal composed of chiral
molecules. The elastic constants may be determined in terms
of the orientational stress in a liquid crystal with uniform
director gradient; unfortunately, it is only convenient to do this
for the twist elastic constant in a simulation employing periodic
boundaries. In principle, zero-wavevector stress fluctuation
expressions could provide an alternative route to the elastic
constants, but the details have yet to be determined. A possible
route via reciprocal-space perturbations and responses has
been investigated, but has been found to give incorrect results.

One of the advantages of the stress-response equations
presented here is that they enable one to look at the origin of
the coefficients within the forces and torques between
molecules. For example, the helicity parameter for a dilute
solution of chiral dopants (i.e. the helical twisting power) can
be resolved into primary terms arising directly from the solute—
solvent interactions, and the secondary effects in the solvation
shells around the dopant.

This article presents unfinished work: it is hoped that it will
provoke some discussion and debate, which will hopefully lead
to a resolution of the remaining difficulties. One possible
approach will be to consider carefully the order of magnitude
of perturbations and responses in Fourier space, ie. to
explicitly retain terms of a consistent order in k. It is also
possible to examine the effects of more general canonical
transformations than the simple one presented in Appendix B.
Another avenue is to link, more directly, the stress response
formulae to the direct correlation function which appears in
density functional theory. Meanwhile, those expressions which
are known to be correct are being usefully employed in
simulations, aimed at understanding the link between mole-
cular shapes, attractive forces, and phenomenological con-
stants. Those results will be reported elsewhere.
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Appendix A: Fourier transform definitions

Assuming periodic boundaries, for which, in the limit of large
volume,

V
> |

k
and for real fields a(r), define

A(k)= J dre *"a(r) = A(— k) (Ala)
v
1 ikr 1 ikr
a(r)= ;Xk:e A(k) = Vzk:e A(—k)  (Alb)
and note the standard relations
Orthogonality: J dre® =k =y (A2a)
14
Completeness: Z e K= = s —r) (A2b)
k
Derivatives: VA(k) =ik A(k) (A2c)
1 oL
Parseval: J dra(r)b(r)= %G zk: A(k)B(—k)
(A2d)

1 ~ -
= I—/ZA(—k)B(k).
k

For properties which may be expressed as sums localized
around individual molecules, we define a density

N N
a(r)= Za;é(r—ri) A(k): Zaiefik-r,.
i=1 =1

For a dynamical variable 4, we use the notation A without an
argument to mean the extensive, zero-k, value:

N
A= lim A(k)= JVdra(r) = ; a;

whereas, for the fields and gradients, we mean the intensive
quantities

E= im@ = lJ drE(r),

=1
k-0 V V) S

) _ 1
k=0 V

% JV drs(r), etc.

Appendix B: Thermodynamic perturbation theory

Standard thermodynamic perturbation theory (see, for exam-
ple, Gray and Gubbins,”® or Hansen and McDonald,** p. 148)
begins with the assumption that the hamiltonian /#,, and hence
the ensemble distribution function

fzoce*ﬁ%”/;

depend on a parameter A which takes a value /=0 in the
reference state. The free energy may then be written

oF, oA,
7 <o %'

(BI)
where we adopt the shorthand
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[ dgdpAe=F>

Alf)= ﬂ'dqdpA(q,p)ﬁ(q,p): T dgdpe 77

using generalized coordinates ¢ and conjugate momenta p
which are abbreviations for the full set g, p,. Defining

oA 5 oM A
Hy=——=, H')=——= -, B2
Ci=Z1 =g o (B2)
the free energy of the perturbed system then becomes
1
T =T o+ A+ 5 22 AHY
3 Xl (B3)

— BUA®Y =AY+ 0,

where we abbreviate {#|fo> =(A#>. The average of some
property A, in the perturbed ensemble may be written

LAY =LA = <A+ A"
— BUCAA "y = LAYA ) + 02,

where we allow for the possibility that A4 also depends on 4, and
so include a term in

(B4)

_od
oL

For our purposes, however, it is not obvious how to connect
the response of variables to a distortion of the system with
mechanical perturbations described through the hamiltonian,
as above. Nonetheless, such a connection can be made; here we
follow closely the discussion of elastic constants and visco-
elasticity by Squire et al. ,2° Lutsko,?® Hess et al.,”’ Bavaud
et al.,”® Bavaud®®’ and the work of Nemtsov et al?® and
Nemtsov.?’ Write the hamiltonian as:

H (q.p,)=H(q.p)+ U,(q).

H is the internal hamiltonian with (pair) potential and kinetic
energy terms. U, is an external potential: initially it will be
convenient to regard U, as a wall potential confining the system
coordinates to a corresponding region D;. Deformations of the
system (strains) enter through the effect of A (which may, in
principle, vary with time, although we shall not make this
explicit) on the distortion of the domain D; and hence on the
wall potential; we do not regard 1 as appearing explicitly in U,
in any other way. Consider now a canonical transformation of
coordinates and momenta, generating the distorted system
coordinates from those of an undistorted reference system:
(4.p)—(4,p). In fact, we shall consider an infinitesimal point
transformation defined by the F,-type generating function of
Goldstein®®

A (BS)

F(q.p)=¢-(1+2.G)p

where Z is a small parameter, and G'is a matrix which does not
depend explicitly on coordinates or momenta. In terms of this
function

0F,

gzq =q-(1+2.G)=q=¢q-(1—1G)
e OFy ,
p=0( —AG)-pca—é =p=(1+1G)p.

In inverting (14+2G)~!=1-2G above, we drop terms a(3).
Conservation of phase-space volume under a canonical
transformation allows us to relate the N-particle distribution
functions

[@P) =14+ 74-G.p—1Gp)=1i(¢.p).

The point of the transformation is that the domain D; is



transformed along with the coordinates, so we can write
Ui(q)=Ui(q+24:G)=Uy(§)

where Uy represents the external potential in the undeformed
domain Dy. The internal part of the hamiltonian transforms to
give

H(q.p)=H(q+’q-G.p— .G"p)
=H(g.p)+ 2H'(§.p)+ 0%
where

0H O0H

H'=G":H=GyH,, Hu(q.p)=q, . (B6)

0Py
All the derivatives are defined at A=0 and we have dropped
terms @(2%). The original system has now been mapped onto a
system with no dynamical deformation, specified by the
hamiltonian H(§,p)+ Uy(q), plus a small mechanical perturba-
tion term AH'(¢.p).

Static ensemble averages in the perturbed reference system
follow in a completely conventional way>>>* (and time-
dependent properties follow from a consideration of the
Liouville equation,?®?>7 but this does not concern us here).
We set

11@p)=fo(@pye”" " =fo(g.pe "

and expand to first order in /A, to give the average of a property
in the perturbed ensemble

CAIfy =AYy — BACAH"Y — CAYCH'Y). (B7)

This is not the final expression, however. The connection with
averages in the real, distorted, system is obtained by using the
invariance of phase space elements under canonical transfor-
mations:

Ay, =LAl = JI dqdpf:(q.p)A(q.p)

- [ aidis@iraa+iici-icp (B5)
= Alf>+ 3Gl A, |f:>
= Ay + <A
where we expanded the dynamical variable
AG+24-Gp—1Gp) = AGp) + 7.4 @) +O(7)
and

04

0A4
A=G":A=GwA, An@p)=g¢y——=—p,. (B9
et = H aq‘ apﬂ ( )

Combining eqns. (B7) and (BS8) gives the final result
A, =<A>+ A"y = PA[KAH")
—CAYCH D]+ 0().

This has exactly the same form as eqn. (B4), but the derivatives
H and A’ are defined by eqns. (B6) and (B9) instead of
eqns. (B2) and (B5): neither H nor 4 depend mechanically on
A. Note that, once the result has been cast in the form of
eqn. (B10), we no longer need to distinguish between the two
sets of coordinates {¢,p} and {4,p}: they differ only
infinitesimally from each other and they are, in any case,
integrated over in performing ensemble averages.

The above derivation may seem mysterious. We seem to have
got something out of nothing (a transformation of variables);
only the boundary term U,(¢q) transformed differently from the
rest of the hamiltonian, and it does not feature prominently in
the final result. Nonetheless, it is easy to see that, if U,(¢)=0,

(B10)

and hence H;= H, the result is trivial. For then, Hamilton’s
equations

and the hypervirial relations’”

<

> ﬁ(A—> <ﬁ

g,
allow us to deduce from eqns. (B6) and (B9)

d
H/u' = &(qup‘):><H/> =0

and (A ) = p{AH, y=<A") = {AH")

making the right hand side of eqn. (B10) vanish. To put this in
a familiar context, consider the response of the system to a
homogeneous deformation of centre-of-mass positions. In this
case, G may be condensed to a 3 x 3 strain matrix which applies
to all molecules
qu=Yia A,G‘u‘y_)juGiajﬂ:é”goﬁ/f

where the small parameter A has now been absorbed into the
gradient tensor & This means that positions and linear
momenta transform as

Fip="Tig +Fizeap Pix=Pin—tapPip Vi
while it is understood that all orientational variables are left

unchanged. Correspondingly, H,, reduces to the 3 x 3 stress
tensor

0H O0H
Soz/f=zrio<_ Pip= Z(rm(ft/f"'m pmp[f)
i

orig ap

and the internal part of the hamiltonian transforms as

H(‘I,I’) = H(&”?) + Szx/iSm/f(és’?)

Setting A= S, in eqn. (B10) gives a stress—strain relation

Supde=<Sup> + 8,5 Topys
$Supe=<Sup> + &6 Tupys) B11)
— Beys [(SupSys> — {Sup><Sys)]
with
(’BSaﬁ CSlﬁ
Tops= i
e Zr” rj %p
(B12)

Z G
N Fistjy 6r/;611(, 6p,4@6pjyp'ﬁp‘/o

from which the elastic constants (and, if the time dependence is
analyzed, viscosity coefficients) may be obtained.?>*”>>%7
Using the fact that the equilibrium canonical distribution
function factorizes into independent configurational and
momentum-space parts, it is easy to see that the static cross-
correlations are zero. The momentum-space part is relatively
easy to evaluate. The configurational part of <{T,zs) in
eqn. (B12) is the so-called ‘Born term’, which dominates at low
temperature; the “fluctuation term’ — B[{S,S,s> —<{Sup><{Sys7]
may be significant at higher temperatures; in the fluid state, for
shear strains, these terms exactly cancel.?’

In the case of interest to us, the nonzero elements of G
generate gradients of molecular orientation. Provided the
deformations are small, the angles #; may be treated as
generalized coordinates, and the conjugate momenta are the
corresponding Cartesian components of intrinsic angular
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momentum s;. The coordinates become g,—{r;,,0,}, and LG
may be contracted to the following transformation

Oip = O0ip +Fio

Sio :§ia 7"/&/3]31'/3 Vi

where it is understood that the positional coordinates and
momenta are not transformed, and we once more absorb the
small parameter / into the definition of y,s. The corresponding
‘stress’ is

0H
a[}—zruxaeﬁ 0 ~DPip»
in terms of which the internal hamiltonian transforms as
H(r.0.p.s)=H(#0.5.5) +7,41T.5(7.0.5.5)

Once more, one may separate momentum-space and config-
uration-space terms, and in this case it is possible to show that
the former do not contribute to the final result. The matrix I7
takes the form

o([i r/at (B 1 3)
2. o ”
The orientational stress-strain relation is
{oppy =gy 47,5 Eupys ) — By [KMopIlys )
(B14)

- <Hac/i><n~/(5 >}

consisting, as in the solid-state elastic constant case, of a Born
term with a variable formally defined by

Exﬁ,()— ZZ TigTjy 00[3800

and a fluctuation term; these two terms should cancel exactly in
the disordered, isotropic, fluid. Convenient expressions for /7,4
have been obtained by several authors.'*2>*° We proceed by
re-writing 11,5 as follows:

xﬁ_zrmCV

E TiaTijp + TjaTjip-
l#/

(B15)

E TigTip = — § TiaTijp

i#]

Here we have assumed that the total torques on the respective
molecules i, j can be decomposed into pairwise contributions

=X, 1;, T;=2X; T;;, and finally we have symmetrized the double
sum Wlth respect to i and j. Now set

r; :l‘,‘j +Vj
to give
Ha =—x Z TijaTijp + ’]a(fz]ﬁ + T/lﬁ)
1#]

Invariance of the pair potential energy to rotation of all the
vectors together (i.e. angular momentum conservation) guar-
antees that

‘L',‘]'+‘L'/*,‘+Vij /\fUIO

This leads us to drop the second term: it is proportional to the
vector dual of the antisymmetric stress, which vanishes in a
fluid. (This remark holds true, strictly speaking, only after
ensemble averaging). Thus, our final result is

1/{ =—- B Z TijaTijp

i#j

(B16)

This expression is origin-independent, which is a requirement
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in periodic boundaries. A somewhat more satisfactory Fourier-
space derivation of this result, taken from Allen and Masters,"’
was given in the main text, leading to eqn.(25). No
corresponding derivation of Z,s in origin-independent
form, starting from eqn. (B15), has appeared in the literature
to date, and this is a significant obstacle to testing stress-
formulae for liquid crystal elastic constants.

Appendix C: Comparison with Nemtsov—Osipov
expressions

Note that Nemtsov and Osipov** adopt transposed definitions
which we will write

so our gradient y,_ﬁzy};a

E Tijalijp

t#]

VI/;‘ = 6[391

so our tensor I7,g =H}m~

Billeter and Pelcovits® seem to define H/;a with the opposite
sign however, this discrepancy may be cancelled by ambiguity
in the sign conventlon for the centre-centre vector r;. Nemtsov

and Osipov® then define
P,
V

so that
<§}o¢> T oy
T eyl gy = Bapy Sl Oyty

where €,p, is the Levi-Civita tensor. Then they express

Eupy = E\€apy + Enityity€pap + E3ityiiy€pyp + Eaitpity €10, 1
=Ei€ypy+ E20,-€.0p+ E30,-€-p + E40p-€.y

with our chosen axes.
For the splay deformation of section III B, our interest lies in
2., for which only two components of E contribute

E:[Jy =E Ezpy + E3e:"//3 = (E3
2T Py

=e] = E:yx == - =

—E)ep=eie,p

V V
21> B2l
=—E.,= - = 7 .
Nemtsov and Osipov>’ write this as (converting to our axes)
. 1
er=- 2 E. g€ upyitadty = — B E-pyezp,

1
E (E:yx - szy)'

These results agree with our eqn. (37).
For the bend flexoelectric coefficient, return to eqn. (C1); our
interest lies in

Ex[f"/ =k Expy +E 6726:);/3 + E45ﬁzezxy =
Exyz =FE+E,=e3

E}/g —E]E}/g +E20,_ A/i:E}w= —E —Ey=—e¢;3
So
BTy B,
=By ="y
_ g Py Py
yxz v 1% .

Nemtsov and Osipov>® write this as (converting to our axes)

| 1
e3= E:x[fyeoc/f,unyny = z upz€upz = 5 (Exyz _nyz)-

2

These results agree with eqn. (43) of the main text.
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